Abstract-Dual-frequency weather radar data can be gathered using a single broadband power amplifier and antenna for the purpose of estimating parameters of the hydrometeor size distribution. This is an attractive feature for observation platforms that are limited with respect to mass or available power. Whether useful properties of the scattering medium can be obtained from data of this type is the focus of the paper. Generally, as the center frequency or the bandwidth is decreased, the reflectivity factor difference falls below the level of the inherent signal fluctuations. Even if large numbers of independent samples can be gathered to permit estimates of the differential signals, the question remains as to whether the signal can be related unambiguously to properties of the rain or snow. Center frequencies at or near 35 GHz with bandwidths in excess of 5% give relatively strong differential signals. The signal, moreover, is directly related to the median mass diameter of the size distribution. The differential mean Doppler at frequencies where non-Rayleigh scattering effects are significant is also of use because the quantity depends only on the terminal velocity of the drops and is insensitive to the mean air and platform motion. In principle, the mean and differential mean Doppler velocities from a nadir-viewing radar can be used to estimate the mean vertical air motion and the median drop diameter of the size distribution.
I. INTRODUCTION

S
PACEBORNE and airborne weather radars are limited with respect to the mass and size of the instrument and the power available to operate it. As a consequence, dual-wavelength radars that require separate antennas and power amplifiers are expensive and often impractical. However, if the frequency separation can be narrowed so that a single antenna and the same RF portion of the transmitter-receiver can be used for both frequencies, useful dual-wavelength measurements are possible using a radar only slightly more complex than its single frequency counterpart.
Frequency differences commonly used in frequency agility applications [1] - [3] are too small to yield information on the size distributions of rain or snow. At the other extreme are frequencies used in standard dual-frequency techniques where the difference tends to be large (e.g., 10 and 35 GHz; 3 and 10 GHz; 13.8 and 35 GHz), and separate transmitter-receivers and antennas are usually employed. In this later case, the goal of dual-frequencies is not rapid scanning but a measurement of the differential frequency properties of the rain or snow [4] - [6] . The dual-frequency radar considered here explores the intermediate case where the frequency difference is small enough that the same antenna and RF portion of the transmitter-receiver can be used but large enough so that dual-wavelength information on the scatterers can be measured. One object of the paper is to investigate how the difference of the equivalent radar reflectivity factors, , depends on the parameters of the drop size distribution. A major obstacle in accurately estimating arises from signal fluctuations caused by the random nature of the medium. For a particular type of receiver, this limitation can be expressed in terms of the number of independent samples needed so that the signal fluctuations are smaller than the reflectivity-difference signal. We also explore the use of near-nadir (or near-zenith) Doppler measurements in the dual frequency mode, inquiring whether the data can be used to retrieve vertical air speed and parameters of the drop size distribution. Although the details of retrieval algorithms, system design, and radar hardware are beyond the scope of the paper, these issues are discussed briefly in the concluding sections.
II. CALCULATIONS OF EQUIVALENT REFLECTIVITY FACTOR AND ATTENUATION
For the results presented, the hydrometeors are taken to be spherical and the scattering cross sections are calculated from Mie theory. We define the equivalent reflectivity factor difference by
where for and for , so that is always taken as the difference between at the lower frequency to that at the higher frequency. The equivalent reflectivity factor at frequency is given by where (2) where is the backscattering cross section (mm ) of a spherical particle of diameter at wavelength , and where is the drop size distribution (mm m ). Throughout U.S. Government work not protected by U.S. copyright. the paper, we express the variables as functions of frequency rather than ( , where is the speed of light) because the numerical results are more easily understood in frequency space. Taking the units of and dD to be mm gives the equivalent reflectivity factor in the standard units of mm m . By convention, the dielectric factor is taken to be 0.93. We assume that can be approximated by a gamma distribution [7] (3)
where the unknown parameters are , and the median mass diameter,
. Noting that the number concentration is the integral of over all , then (3) can be rewritten as (4) Because is proportional to the log of a ratio of measurements, it is independent of but dependent on and . To gain a general idea of the magnitude of for different values of and , we show in Fig. 1 contour plots of for along the abscissa from 10 GHz to 35 GHz and for (x 100%) along the ordinate from 10% to 10%. In Fig. 1 , the drop-size distribution is assumed to be exponential ( ), and is taken to be 1 mm (top) and 2 mm (bottom). To better understand the plots, consider the points ( ) for which dB in Fig. 1  (bottom) . For (upper half-plane), this value is achieved for center frequencies from GHz up to GHz (and beyond). In particular, a of this magnitude can be obtained using either a center frequency of 16.8 GHz along with a second frequency offset from it by 10% or by a center frequency of 35 GHz with a second frequency offset from it by 2%. A contour of the same magnitude can be seen in the lower half-plane ( ) where for small values of , . For larger values of , this approximation is invalid and significant differences can be seen between the contours in the upper and lower half-planes. Another feature evident in Fig. 1 is the change in sign of in going from the lower to the higher frequencies. For (top), this transition occurs at about 23 GHz, while for (bottom), the sign change occurs at a frequency of about 13 GHz. Since is defined as the dB at the lower frequency minus that at the higher, negative values of imply that is locally increasing with frequency. The results in Fig. 1 were computed for rain at a temperature of 10 C. An analogous set of results for snow are presented in is taken to be 3 mm for the top panel and 6 mm for the bottom panel. The snow density is assumed to be 0.05g/m . However, as shown in [5] , the is relatively insensitive to the mass density, as long as this quantity is assumed to be constant, independent of snow diameter. A comparison between Figs. 1 and 2 shows that, in contrast to the rain case, there is no sign transition for snow and is positive everywhere, representing the fact that for dry snow decreases monotonically with frequency. For a fixed center frequency, plots of versus (or in the case of snow) for selected values of are instructive. To generate Fig. 3 , raindrop size distribution data are taken from an impact disdrometer [8] . The parameters and are estimated directly from 30 s averages of the data. The parameter is then chosen as that value that minimizes the rms difference between the measured and gamma distributions. For the 389 30s DSDs examined the mean value of was 6.2. Once the parameters of the gamma distribution are determined, can be computed for any frequency pair. Examples of versus for a center frequency of 35 GHz for rain are shown in Fig. 3 (top) , where the second frequency is offset from 35 GHz by 3%, 5%, and 10%.
Unlike , the differential attenuation depends on the number concentration.
is defined in a manner similar to (5) where [6] 
where the specific attenuation is given in units of dB/km, and is the extinction cross section (mm ) for a sphere of diameter . Shown in the bottom panel of Fig. 3 are results of versus for and . It should be noted that since is defined as the specific attenuation at the lower frequency minus that at the higher, is always a negative quantity, i.e., increases with frequency. Variations in for a fixed show the influence of changes in the number concentration, , and the parameter. An advantage of using a center frequency of 35 GHz is that increases monotonically with so that an unambiguous estimate of
, for values greater than about 1 mm, can be extracted if the signal variations can be reduced to a level smaller than that of . In rain, this monotonic dependence does not hold at lower frequencies. As an example, contour plots of in the plane are shown in Fig. 4 for GHz for (top) and (bottom). The results show that the location of the maxima are sensitive to . For example, the frequency pair (10 GHz, 11 GHz) attains a maximum at 1.6 mm for and at 2.2 mm for . Results at 14 GHz and 18 GHz show a similar ambiguity in that more than one is consistent with a measured . For snow, is a monotonically increasing function of throughout this range of frequencies (10 GHz -35 GHz) and the estimation of is unambiguous for fixed .
III. SIGNAL FLUCTUATIONS Ensuring that
is above the level of signal fluctuations requires an increasingly large numbers of independent samples as is made smaller. Moreover, as the differential signal decreases mismatches in the antenna patterns at the 2 frequencies, quantization error and variability in the characteristics of the receiver and transmitter become more critical. In this section we focus on signal fluctuations caused by the finite number of samples used to estimate . Assuming that samples are collected at each of the two frequencies, an estimate of can be obtained from either of the expressions (7) (8) where represents a radar return power sample from the th transmitted pulse at frequency . Expressions for the mean and standard deviation of and have been derived elsewhere [3] , [9] , [10] . The results are (9) (10) (11) (12) where the second term of (12) versus the number of independent samples are shown in Fig. 5 by the solid and dashed lines, respectively. As a check, the random variables in (7) and (8) were simulated by using independent realizations from an exponential distribution with mean and standard deviation equal to , the mean received power. The results, represented by the closed and open circles, are virtually identical to (10) and (12), and show that for a fixed number of independent samples, the standard deviation of is always smaller than that of . However, the estimator requires access to the individual samples of power so that if a logarithmic detector is used, an anti-log operation is needed before summing.
We can now inquire as to the combinations of center frequency, bandwidth, , and number of independent samples needed for a detectable signal, i.e., a signal for which or . In Fig. 6 , contour plots of for , , and are shown as functions of (abscissa) and (ordinate) for a fixed center frequency of 14 GHz. The data are shown for both rain (top) and snow (bottom). The number of samples needed for this wavelength is quite large if detection over a reasonable range of values is required. As was noted earlier, the estimation of in rain at this frequency is ambiguous in the sense that two values can be consistent with a measurement of . Fig. 7 are identical to Fig. 6 , except that the center frequency is taken to be 35 GHz. In this case, the requirement on n for detection over a reasonable range of is less stringent; in addition, estimates of are unambiguous for most measurements of . Nevertheless, some form of frequency agility about each frequency or possibly 'whitening' [11] would be needed to attain a sufficient number of independent samples for all but modest scanning requirements.
IV. DOPPLER CONSIDERATIONS
Applications of differential frequency techniques are well suited to airborne and spaceborne weather radars where the demand for good spatial resolution using relatively small antennas require a higher operating frequency. As was shown in the previous sections, at higher frequencies (e.g., 35 GHz) tends to be larger and more directly related to the median size diameter of the drops than this quantity at lower frequencies. These properties also hold with respect to the differential mean Doppler velocity. An equally important feature of the differential mean Doppler is that the measurement depends only on the drop-size dependent part of the velocity. This implies that, in principle, the median drop diameter and the vertical air motion can be inferred from nadir-or zenith-viewing mean and mean differential Doppler data.
It should be noted that Doppler techniques at 94 GHz [12] , [13] and at 33 GHz and 95 GHz [14] have been developed and experimentally tested. The basic approach makes use of the fact that the minima in the Doppler spectrum are associated with the drop diameters at which the backscattering cross section, , at 94 (or 95) GHz is minimum. Since the velocity-drop size relationship is well known in still air, the location of the spectral minima serve as estimators of the vertical air motion. Although at 35 GHz, the first minimum in occurs at about 4.6 mm, it is noteworthy that the first minimum of occurs at about 3.7 mm and a change in sign in this quantity occurs at about 2.4-mm values that are nearly independent of for . This suggests that the earlier approach may be applicable to the differential spectrum at Ka-band frequencies. However, because the measurement of Doppler spectra from airborne or spaceborne platforms is a daunting task, we will focus only on information derived from the mean Doppler velocity.
Assuming that a large number of independent samples are gathered with a sampling rate that satisfies the Nyquist criterion for the highest Doppler frequency under observation, the Doppler spectrum can be approximated by the Fourier Transform of the time-correlated voltage out of the receiver. Following Ishimaru [15] , the temporal spectrum can be written (13) where (14) where the angular brackets denote a time , average , is the attenuation factor, is defined by (6) , and where is the peak transmit power, and is the received power.
is the antenna gain pattern, and is equal to in spherical coordinates. The velocities are given in the unprimed coordinates, defined in such a way that the axis is vertical and that the platform motion is along the -axis. The quantity ( , ; ) is defined by [15] lim (15) where is the distance from the scatterer to the observer, and is the scattered electric field at time . This quantity is related to the usual backscattering cross section by [15] (16) where angular frequency of the transmitted wave; unit vector from the radar to a point in the scattering medium; speed of light; velocity of the particle relative to the radar, in a small volume about this point. Assuming that the aircraft or spacecraft moves in the direction with speed and accounting for the terminal velocity of drops (where is a unit vector along the vertical direction with ), the air motion and the turbulence, or fluctuating component , (16) becomes (17) For a Gaussian spectrum, the probability density for the th Cartesian component of is given by . Performing the average, (17) becomes (18) We use this result in (14) and substitute (14) into (13) . Interchanging the order of integration in (13) so that the -integration is performed, can be written (19) where , with being the angular frequency deviation from . In (19) , the range integration has been replaced by and absorbed into the term , where is the range resolution equal to where is the transmitted pulse length and is the range to the midpoint of the volume element. More generally, a range-weighting function should be included in (19) to account for the finite receiver bandwidth. Equivalently, the term can be multiplied by where is the finite bandwidth loss factor [9] .
The expression for the mean Doppler velocity is given by [9] , [16] (20)
To express in terms of , note that . In calculating , we use the expression for the spectrum given by (19) with the transformation from to . Interchanging the order of integration, the integral over velocity can be done by noting that and so that the mean Doppler velocity can be written as (22) , shown at the bottom of the page, where (22) Since the term is independent of drop diameter, the mean Doppler velocity can be expressed as a sum of frequency-dependent and frequency-independent contributions (23) (24) (25) We can define a differential mean Doppler velocity in a similar way to in (1)
Since is independent of frequency, only the term contributes so that (27) which is independent of the air velocity or motion of the platform and dependent only on the product of the terminal drop speeds and size distribution, weighted by the frequency difference between the backscattering cross sections of the drops at the two frequencies. For a near-nadir, or near-zenith, narrowbeam radar, the expression for can be approximated by
To get estimates of and in rain, we assume that is given by a fit [12] to the Gunn and Kinzer data [18] (29) where , , with in cm and in m/s.
Computations of from (21) and from (25) and (27) are shown in Fig. 8 for the same set of rain drop size distributions used to generate Fig. 3 . In this case, the estimated median mass diameters, , over the approximately 3 h of data, are plotted at the bottom of for the frequency pairs (35 GHz-10%, 35 GHz), (35 GHz-5%, 35 GHz), and (35 GHz-3%, 35 GHz), labeled 10%, 5%, and 3%, respectively. Since is independent of air motion the results remain the same regardless of the updraft speed. These results are plotted as a function of in Fig. 9 , where it can be seen that is a monotonic function of for these combinations of frequencies. As in the case of , this one-to-one relationship does not hold at the lower frequencies. An example of this is given in Fig. 10 , where contour plots of at GHz are plotted in the plane for (top) and (bottom). The quantity is independent of the vertical air speed, platform motion, and the number concentration, so that can be derived from it for fixed . Moreover, for nadir or zenith viewing, the vertical air motion can be estimated from (21) once and are specified. It is also should be noted that and are independent of attenuation effects as long as a high SNR is maintained. This is an advantage over the use of in rain, where an account of the differential attenuation must be made before can be estimated. Although a detailed discussion of the radar design is beyond the scope of the paper, it is instructive to check whether differential signals can be measured from an airborne radar. We assume a nadir-viewing radar on the high-altitude ER-2 aircraft that operates at frequencies (35 GHz, 31.5 GHz). An accurate estimate of the mean Doppler velocity requires high correlation between adjacent radar return samples. The correlation, in turn, depends on the pulse repetition frequency, PRF, and the velocity spectral width. Letting be the interpulse period (where ), we require that where is the velocity spectral width [18] , [19] . The spectral width is the result of independent contributions from beam-broadening, turbulence, wind shear and broadening arising from the raindrop fall speed-size dependence. With the exception of narrow beamwidths or extreme values of the turbulence, Doppler beam broadening is the largest contributor to the spectral width for most aircraft radars and all conceivable spaceborne radars. For nadir incidence, the standard deviation from beam-broadening is [16] (30) where is the platform speed, and is antenna 3dB half-power beamwidth. For the ER-2 aircraft, m/s so that for a 3 beamwidth, m/s. To approximate the other Doppler-broadening components, we take the standard deviations associated with the turbulence and size-fallspeed dependence to be 2 m/s and 1 m/s, respectively. [9] , [18] . Moreover, because the scattering volume is on the order of 1 km in the horizontal and less than 1 km in the vertical, the wind-shear contribution can be neglected [9] . These assumptions yield m/s, which corresponds to a minimum PRF of about 6 kHz. The unambiguous Doppler velocity at this PRF is somewhat small, however. Increasing the PRF to 7.5 kHz yields an unambiguous velocity interval of m/s and an unambiguous range interval of 20 km. Since an unambiguous range of at least 20 km is needed for ER-2 operations, a further increase in the unambiguous velocity interval would require the use of a dual PRF. If nadir operation is sufficient, the integration time can be taken to be equal to the time required for the aircraft to move one instantaneous field of view at a height of 10 km for example. This yields an integration time of about 2.6 s so that the total number of samples is . To compute the effective number of independent samples, we use the following equations for the correlation coefficient and the relationship between the total sample number and the effective sample number [9] , [16] (31) (32)
Using the values , , and given previously, we find that about 30% of the samples are effectively independent and that . If scanning is added, the number of samples will decrease approximately by the number of beam positions per scan.
To compute the variance of the mean Doppler velocity estimate under conditions of high signal-to-noise with pulse-pair processing, we use [9] and [18] (33)
where . This gives a standard deviation , of 3 cm. Replacing the fixed nadir mode with a -beam cross-track scan increases by the factor . We can use these results along with Fig. 7(a) and Figs. 9 to get a general idea as to the performance of such a radar. For a six-beam cross-track scan, we obtain and cm/s. From Fig. 7(a) , we find that must be greater than about 0.9 mm to achieve a signal greater than the inherent signal fluctuations. The results in Fig. 9 ( offset) show that will measurable for greater than about 1.2 mm. This example suggests that acceptable performance from an airborne radar can be achieved as long as the scanning requirements are modest. For spaceborne Doppler radar the constraints and design requirements are much more severe. A detailed study can be found in Amayenc et al. [18] .
V. ALGORITHM CONSIDERATIONS
In terms of the radar return powers at range and frequency , the difference in equivalent reflectivity factors and differential attenuation can be written
where (35) In regions of dry snow or for shallow penetration depths in rain, the second term of (34) can be neglected so that is directly related to the measured quantity . If is assumed to be known, then can be determined from . As noted earlier, if the snow density is constant, independent of diameter, the relationship between and is relatively insensitive to [5] . Once is found, the number concentration can be obtained from or . Unlike , which depends only on the relative radar calibration at the two frequencies, the equivalent radar reflectivity factor and therefore the estimate of depends on absolute calibration. Although is relatively insensitive to , this is not the case with so that needs to be assumed to recover . The number concentration, moreover, is inherently more difficult to estimate not only for the reasons already stated but because is insensitive to small drops so that a large increase in the number of very small drops (large increase in ) produces only a modest increase in .
In rain, as the path length or rate increases, the differential attenuation in (34) can become comparable to or larger than . In fact, if at a distant range the median mass diameter is small (less than about 0.5 mm) then for the frequency ranges considered in the paper and (34) provides an estimate of the differential attenuation from the radar to the range . For a ground-based, near zenith-looking radar should be a good approximation in regions of well above the 0 isotherm where the ice particles are Rayleigh scatterers at both frequencies. For down-looking radars (airborne and spaceborne) the surface return can be used in both single and dual-frequency modes for estimating path attenuation. The importance of a path attenuation estimate is its use as a constraint to retrieve the parameters of the size distribution at each range bin. Both an integral equation and differential equation approach have been formulated for this purpose [20] , [21] . While the results are difficult to validate, algorithms of this type can be expected to undergo development and refinement, particularly in light of the interest in spaceborne dual-frequency weather radars.
For nadir-or zenith-viewing radars, Doppler and differential Doppler measurements may offer a means of estimating vertical air motion as well as an alternative technique for estimating without the problems of calibration and attenuation to which is subject. The estimation procedure, however, is probably feasible only in rain. This is in contrast to the measurement where the snow estimation problem is somewhat more straightforward, at least in the case of a down-looking radar, where attenuation effects in the snow medium usually can be neglected.
VI. RADAR HARDWARE ISSUES
The dominant hardware considerations for a weather radar operating at bandwidths of up to 10% of the center frequency are antenna type, power amplifier, and signal processing considerations. Discussions of these topics can be found in Skolnik [22] and Wehner [23] . Information on bandwidths of typical traveling wave tube amplifiers can be found on the web sites of manufacturers such as Litton, Thomson, NEC, and Dynamic Wave. Some types of antenna, such as the traveling-wave antenna, do not lend themselves to broadband frequency operation. On the other hand, horn-lens and parabolic antennas can be designed to achieve bandwidths on the order of 10%. Nevertheless, it should be noted that for the application envisioned, the requirements are stringent because of the small differences in the scattering properties at the frequencies involved, so that good matching of both the main and sidelobes at the two frequencies is critical for accurate measurements of and . As was emphasized in the paper, reliable differential frequency measurements require a large number of independent samples. To achieve this while retaining some scanning capability may require the use of frequency agility. The ELDORA radar [2] provides an important example of one such approach. In the usual operation of the radar, a composite waveform consisting of five stepped frequencies, nominally spaced at 12 MHz, is transmitted. This approach can be adapted to the present requirement if the nominal frequency spacing can be increased significantly. In the ideal case, several frequencies would be clustered at and about the lower frequency and the remainder at a frequency of 5 -10% higher. Another approach is to simultaneously transmit and receive the pair of frequencies. An implementation of this using the EDOP radar [24] with frequencies of 9.1 GHz and 10 GHz and a zenith-pointing antenna was recently reported by Bidwell et al. [25] and Meneghini [26] .
VII. SUMMARY
Computations of , the difference in dB of the equivalent reflectivity factors for rain and snow, were presented for center frequencies from 10 GHz to 35 GHz with bandwidths of up to 10%. Emphasis was given to the 35 GHz frequency case where the signal tends to be relatively strong (more easily detectable) and more directly related to the median mass diameter of the rain or snow size distribution than is the case at lower frequencies. The choice of 35 GHz also appears to be reasonable with respect to the differential mean Doppler signal in that it is a single-valued function of the median mass diameter, , in rain. The differential mean Doppler at all frequencies depends only on that part of the radial velocity field that is drop size dependent. In principle, a nadir-viewing radar that measures the mean and differential mean Doppler velocities can retrieve the vertical air motion and the median mass diameter.
Despite drawbacks, lower frequency operation avoids the severe rain attenuation suffered at 35 GHz. The greater availability and lower cost of power amplifiers at X-band should also be recognized. Ambiguities in the estimation of rain parameters might be mitigated by using a combination of differential Doppler and . Estimates of radar reflectivity at more than two frequencies provide two or more difference signals that should further reduce ambiguities and possibly permit estimation of the parameter of the size distribution. To improve the signal detectability, frequency stepping or possibly "whitening" might be needed to gather a sufficient number of independent samples in the time interval available.
The emphasis of the paper is on the potential for measurements of equivalent reflectivity factor and mean Doppler measurements from two frequencies spaced sufficiently close that only a single power amplifier and antenna are needed. System design studies, algorithm development, and analysis of experimental data are needed to assess whether the approach is practical.
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